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Abstract-The solution is given for the elastostatic load transfer problem of a circular elastic membrane bonded
to the boundary of a materially dissimilar half-space, which is loaded far from the membrane by a state of plane
stress parallel to its boundary.

The problem is reduced to a system of Fredholm integral equations of the first kind, with logarithmic singu
larities in the kernals, for the unknown bond force between the membrane and the half-space. These integral
equations are solved exactly and the solution of the problem is obtained in the form of elementary functions for
the limiting case of an inextensible membrane. For the elastic membrane the integral equations are handled
directly by numerical techniques and the perturbation of the uniform stress field due to the attached membrane
is obtained numerically for several combinations of the material and geometrical parameters.

A certain ratio of the membrane to half-space strain is computed which gives an indication of the accuracy
of strain measurements obtained in experimental stress analysis by the use of bonded gages. These results indicate
that the "average strain" in the membrane is close to the far-field half-space strain only when J1a/flh > 100.
where fl, h, a are the shear modulus, thickness and radius of the membrane and J1 is the shear modulus of the
half-space.

1. INTRODUCTION

THE problem of a thin circular disk attached to a half-space under plane biaxial loading at
infinity is solved within the theory of linear, isotropic and homogeneous elastostatics. The
disk is assumed to have no bending stiffness and is treated as a two-dimensional continuum
in the sense of generalized plane stress (i.e, as an elastic membrane). It is assumed to be
perfectly bonded to the half-space, which has elastic constants different from those of the
membrane.

A complete discussion of the numerous load-transfer problems solved previously is
beyond our scope. A general lecture and accompanying paper by Sternberg [IJ gives a
thorough discussion of several load transfer problems recently solved by Sternberg and
Muki. This paper includes numerous references through which many of the important
historical developments on load-transfer problems can be traced, The works by Bufler [2J,
who treats the problem of a finite elastic bar bonded to the edge of an elastic half-plane,
and by Aleksandrov and Solov'ev [3J, who consider an inextensible elliptical membrane
bonded to an elastic half-space, are more closely related to the problem considered here.

t Based on the doctoral dissertation of M.A. Hamstad in partial fulfillment of the requirements for the Ph.D.
degree in Engineering, University of California, Berkeley.
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One important contribution of the work outlined in [IJ is the rational treatment there
of a phenomenon, which was observed previously by Reissner [4J in connection with load
transfer from a bar to a sheet and by Goodier and Hsu [5J for two overlapped sheets, that
concentrated forces may be transmitted between the bonded elastic members at the
boundary of their contact region. The possibility that such concentrated loads may occur
should not be precluded in the formulation of the problem, and this question need not be
settled on the basis of physical arguments. Instead, it should be resolved by an analysis of
the integral equations governing the load transfer functions.

In addition to its theoretical interest, the elasticity problem worked here has practical
application especially in the field of experimental stress analysis. When a strain gage is
bonded or a strain sensitive coating is applied to the surface of an elastic body, the state
of stress in the vicinity of the attachment is altered. The extent of this reinforcement clearly
depends on the relative stiffness of the body and the attachment. When the stiffness of the
gage or coating is relatively small, the disturbance of the stress field is also small and can
be accounted for by the use of standard calibration experiments. But if the attachment has
considerable stiffness relative to the elastic body, its local effect can be quite significant,
and what is more important, the effect can vary widely with the experiment so that a
calibration based on a standard test cannot be used for different experiments. Faced with
this problem it is important to know how the reinforcement effect depends on the relative
stiffness and how this effect decays with distance from the attachment.

The methods used in treating the problem stated in the first paragraph will be briefly
outlined. First, the problem is formulated mathematically and the general plane loading
at infinity is decomposed into two cases: isotropic stress and pure shear. Then auxiliary
membrane and half-space solutions are written in terms of the unknown transfer functions,
which include the possibility of concentrated load transfer at the edge of the membrane.
The integral equations governing the load transfer functions are then derived by the use
of these solutions with the bond conditions. These integral equations are first examined
in order to determine the concentrated edge loads. Then for the special case of an inex
tensible membrane the integral equations are solved exactly, and the stress and displace
ment fields are determined in the half-space in terms of elementary functions. For the
elastic membrane under isotropic loading the singular integral equation of the first kind is
solved directly by numerical methods for various values of the material and geometrical
parameters. This numerical solution is then used in the numerical computation of repre
sentative stress components in the membrane and the half-space. These latter results are
illustrated graphically to demonstrate how the effect of the membrane on the stress field
in the half-space decays with distance from the membrane. A ratio ofan average membrane
strain to the far field half-space strain and its dependence on the parameters is also illustrated
graphically.

2. FORMULAnON OF THE PROBLEM

Let Rand R denote the open half-space and the open disk of radius a, and let n and it
represent their boundaries (see Fig. 1). Then

R = {xlx3 > O},

n = {xlx3 = O},

~ { 2 2 2 }R = xix! +X2 < a , X3 = 0 ,
(2.1 )
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FIG. 1. Half-space and attached membrane.

It is also convenient to define the set fe as

(2.2)

so that

n = Ii u it u fe. (2.3)

Assume that R is occupied by an isotropic, homogeneous and elastic solid characterized
by shear modulus /1, and Poissons ratio {1, while Ii is the cross-section of the thin cylindrical
domain of height h with elastic constants {i and e. Let {u i , {1ij' cij} denote the three
dimensional displacement, stress and strain fields on Rand [ua , eaf3, eaf3 } denote the cor
responding two-dimensional quantities on Ii, which are to be interpreted as the thickness
averages of these fields on the thin cylindrical domain in the sense of generalized plane
stress. Then the field equations of linear elastostatics appear in cartesian form ast

O'ij,i = 0, a.. = 211[(_0' )ekkb ..+e ..JIJ r 1 _ 2{1 IJ IJ'
(2.4)

t Summation is implied by repeated indices. The range of Latin indices is (1,2,3) and that of Greek indices
is (1,2).
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(2.5)

on R, and

6,p = 2P[C ~6)8yyb,p+8,pl

£,p = !(£l,.1i +up.,),

on R, where f, denote the body forces for the membrane which arise as a result of the
bond condition as will be seen later on.

The boundary conditions, bond conditions and regularity conditions are

h1.+Mrr1r =}(r-a)-(Jzr = 0,

hf~+ Mr01r=}(r-a)-(Jzo = 0,
on J[

(In = 0,
(2.6)

where

1r = 10 = ° on Jr, (2.7)

and

Ixl ---> rx; in R.

(2.8)

(2.9)

Equations (2.6), (2.7) imply the conditions of vanishing tractions on the half-space outside
the area of contact as well as the equilibrium of the force transmitted between the mem
brane and half-space over the contact area R. The appearance of the delta function in (2.6)
reflects the possibility that the half-space and membrane may transmit a concentrated
ring-load to each other along the ring r = a.t The lr and 10 appearing in equations (2.5)-
(2.7) arise from the unknown load transfer forces between the membrane and the half-space.
These quantities appear as body forces in the two-dimensional model of the membrane.
Due to the fact that the membrane has no bending stiffness, no force can be generated at R
by the assembly in the z-direction, and £l z can assume any value. Hence, the condition
£l z = U z in (2.8) places no displacement boundary condition on the half-space, and therefore
the bond condition in this direction merely becomes the normal traction condition on the
half-space. Equation (2.9) expresses the fact that the loading on the half-space is a plane
biaxial stress field far from the membrane. The coordinate axes have been chosen to
coincide with the principle directions of this plane stress field, so that (JI and (In are the
prescribed principle stresses.

In order to solve the boundary value problem governed by equations (2.4H2.9), it is
convenient to first consider two special cases of the loading which can then be appropriately
combined (due to the linearity of the governing equations) to produce the required
solution. Thus let S be the required solution and let SA and SB be, respectively, the solutions
to the above problem for the following two special loading cases.

SA :(JI = (In = (Ja,

SB:(JI = -(In = (Ja,
(2.10)

t It is important to note that we cannot know a priori whether or not the membrane and half-space load
each other along this circle. Indeed this question must be answered by the solution. For a discussion on this
point see [6] where an analogous situation arises in connection with load transfer from a one-dimensional tension
bar to a two-dimensional elastic sheet.



Elastostatic solution for a circular membrane bonded to a half-space under plane loading 5

where a o is a constant. It may be observed that SA and SB correspond, respectively, to a
plane isotropic state of stress (i.e. no 8-variation) and to a plane state of pure shear at
infinity. One can easily verify that solution S satisfying the loading condition in (2.9) is

S = (a( +an) SA + (a( - an) SB' (2.11)
2ao 2ao

for arbitrary a( and an'

3. AUXILIARY MEMBRANE AND HALF-SPACE SOLUTIONS

The next step is to obtain some auxiliary solutions for the circular membrane and the
half-space both loaded on the disc R and the ring ft. These loads, which are transmitted
from one body to the other, are unknown but satisfy (2.6), (2.7). The displacement condi
tions in (2.8) will eventually be used to generate integral equations for these unknown
transfer loads.

Let the loads transferred to the membrane be defined by (see Fig. 2)

(frO = Po/h on ft,

10 = qo/h on n.

Pr(el, Pele) .. FORCE/LENGTH

Q) r,e). Q.et r ,el ... FORCE / AREA

(3.1 )

(0) FORCES ON MEMBRANE AT BOND SURFACE

,,--,r----I--\-- X,

X2
(bl FORCES ON HALF-SPACE AT BOND SURFACE

FIG. 2. Bond forces on membrane and half-space.
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Then from (3.1) with (2.6) and (2.7) the loads acting on the half-space are

on 1t.
G zz = 0,

(3.2)

Because of the symmetry of the geometry and the functional form of the applied loads
the functions Pr' Po, qr and qo in (3.2) have a known dependence on 0 for cases A and B; for

case A:

and for case B:

Pr(O) = P,

qr(r, 0) = q(r),

Pr(O) = PI cos 20,

qr(r,O) = ql(r) cos 20,

Po(O) = 0,

qo(r, 0) = 0,

Po(0) = P2 sin 20,

qo(r,O) = q2(r) sin 20.

(3.3)

(3.4)

Membrane solutions

We now list the solutions for the membrane under the loads given by (3.1) with the
special forms in equations (3.3) and (3.4) which are appropriate to SA and SB'

Case A:

where

2flur(r) = f: L(r, t)q(t) dt +L(r, a)p,

arir) = J:M(r, t)q(t) dt +M(r, a)p,

a oo(r) = J: N(r, t)q(t) dt + N(r, alp,

Uo = arO = 0,

(I-a) (1-a)t2 (1-af (t)2
L(r,t) = H(t-r)2hr+H(r-t)2h-;:+2h(l+a) ~ r,

(1 +a) (l-a)(t) 2 (I-a) (t)2
M(r, t) = H(t-r)2h-H(r-t)~- ~ +2h ~ '

(1 +a) (I-a) (t)2 (1-a)( t)2N(r,t) = H(t-r)--+H(r-t)-- - +-- - .
2h 2h r 2h a

(3.5)

(3.6)

The functions L, M and N in (3.6) give 2flur(r; t), arr(r; t) and aoo(r; t) for a membrane with
a concentrated ring body force of magnitude Ijh, acting in the positive radial direction
on the ring r = t and with vanishing tractions at ft(r = a). This solution satisfies the condi
tion of continuous displacement at r = t, provides a unit jump discontinuityt in harr at

t A step function at r = tin u" corresponds to a delta function in the body force j,.
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r = t, and satisfies 8'rr(a; t) = O. The function H(x) is the usual unit step function and is
defined by

{
o if x < 0

H(x) = 1
if x> O.

Case B:

2{lur(r,0) fa d ()
-'------ = L1a(r, t)qa(t) t +L 1a r, a Pa'

cos 20 0

2{luJ,.r, 0) fa
. 20 = L 2a(r, t)qa(t) dt+ L 2a(r, a)Pa'

SIn 0

8'rr(r, 0) fa ) (d ()--0 = Ma(r, t qa t) t+Ma r, a Pa'
cos 2 0

8'eJ,.r, 0) fa
--2-0- = Na(r, t)qit)dt+Na(r, a)Pa,
cos 0

8'rO(r, 0) ra
)

---;---20 = °a(r,t)qit)dt+Oa(r,aPa,
SIn Jo

where

[
r 8' r

3J [ 8' t
4

1 t
2JhL ll (r, t) = H(t-r) --- - +H(r-t) -- -+--

2 6 t2 6 r3 2 r

(3.7)

(3.8)

(3.9)

[ _~(.~)4 (1+8')(~)2J 2ft r3[A(~)4_3(1+0-)(~)2J
+r 2 a + 2 a + 3(1 +8') a2 u a 4 a '

[
(1-0-) 8' r

3J [(3+8') t
4

1 t
2JhL 2(r t) = H(t-r) ---r-- - +H(r-t) -----

I , 4 6 t2 12 r3 2 r

+r[(3+8')(~)4_(I+8')(~)2J+ 8' A r3[_(3+8')(~)4+3(1+8')(~)2J,
4 a 2 a 3(1 + u) a2 a 2 a

[
r (3+ft) r

3
J [ 8' t

4
(1-0-) t

2
JhL21(r t) = H(t-r) --+-- - +H(r-t) -- -----

, 2 12 t2 6 r3 4 r

[~(!-)4_(I+8')(~)2J (3+8') r3[_A(~)4 3(1+0-)(~)2J
+ r 2 a 2 a + 3(1 + 8') a2 u a + 4 a '

[
(1-8') (3+8')r3J [(3+8')t

4
(1-8')t

2
J

hL22(r t) = H(t-r) --r+-- - +H(r-t) ---+---
, 4 12 t2 12 r3 4 r

+r[- (3+0-)(~)4+ (1 +8')(~)2J + (3+8') r
3
[(3+8')(~)4 _3(1 +8')(~)2J,

4 a 2 a 3(1 +8') a2 2 a 4 a

H(t-r) [8'(t)4 (1+8')(t)2J [ 8'(t)4 (1+8')(t)2JhM I(r, t) = --2-+H(r-t) 2 ~ --2- ~ + -2 ~ +-2- ~ ,



M. A. HAMSTAD and D. B. BOGY

(1-8") [ (3+a)(t)4 (l +a)(t)2JhM 2(r,t) = -H(t-r)-4-+ H(r-t) --4- ~ +--2- ~

+e3:a) (~r-(1 ;a) (~rJ
hNdr,t) = H(t-r)[ _~+(l;a)(~rJ-H(r-t)i(~r

+[!(~r_(l;a)(~)2J+(~r[-2a(~r+3(l;a)(~rl

hN2(r, t) = H(t- r) [(1 ~a)+(1 ;a) (irJ+H(r- t) e3:a) (~rJ

+[-(3;a) (~r+(1 ;a) (~rJ +(~r[(3+8") (~r 3(l2+a)(~rl
hOl(r, t) = H(t-r)[ -~+(l :&)(~rJ +H(r-t)[~Ur -~:&)(~rJ

+[~(~r-(1 ;&) (~rJ +(~r[-8"(~r+3(1 ;&) (~rJ,
hOl(r, t) = H(t- r) [(1 ~8")+(l ;&) (~rJ +H(r- t) [ - (3:&) ur+(1 :IT) (~rJ

+[-(3:&) (~r+(1 ;&) (~rJ +(~r[(3;a) (~r-3(1:a) (~rJ.
The functions L b , L 2rn M", N" and 0" in (3.8) and (3.9) give 2pur(r, (); t)/cos 20,

2jluo(r, D; t)lsin 20, arr(r, (); t)lcos 20, &ok, 0; t)/cos 28 and &rO(r, (); t)/sin 20 for a membrane
with concentrated ring body forces acting in the positive radial and tangential directions
at r = t with cos 28 and sin 20 variations in 8 and with vanishing tractions at fe. This solu
tion satisfies the condition of continuous displacements at r = t, provides a unit jump dis
continuity modified by the appropriate 8-variation in harr and h8"oe at r = t and satisfies
arr(a, 0; t) = areCa, 0; t) = O.

Half-space solutions
In order to use existing half-space solutions which satisfy the condition of vanishing

stress as Ixl ~ 00, it is first necessary to separate appropriate uniform stress fields from the
half-space solutions sought here. Thus on R, let

where for case A:

(3.10)

u; = 0, u" =z

a~(} = 0,

(foa
---z,
.u(l +a)

a~~ = 0,
(3.11)
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and for case B:

"ao ()
ur = 21lr cos 2 , " a 0 . 2()uB = --rsm

21t '
U; = 0,

a~B = - ao cos 2(), a~B = - a 0 sin 2(), a;~ = o.
(3.12)

These fields are half-space solutions which satisfy the loading conditions appropriate to
SA and SB at infinity and induce no tractions on n.

In view of (2.6}-(2.10), (3.2}-(3.4) and (3.1O}-(3.12) the residual half-space problems
for {u;, e;j' a;j} are governed by the boundary conditions

case A:

case B:

a~r = p<5(r-a)+q(r), a~B = a~z = 0 on n (3.13)

a~B = [p2<5(r-a) +q2(r)J sin 2(),
on n (3.14)

and for both cases the regularity condition

(3.15)

The solution to the above traction boundary value problem for the half-space can be
obtained from Muki's [7J general solution for arbitrary shear loads on the boundary of
a half-space and can be written as

case A:

2J1u~(r, z) = J: J(r, z, t)q(t) dt +J(r, z, a)p,

2J1u~(r, z) = J: K(r, z, t)q(t) dt +K(r, z, a)p,

a~r(r, z) = f: A(r, z, t)q(t) dt +A(r, z, a)p,

aeir, z) = J: B(r, z, t)q(t) dt +B(r, z, a)p,

a~z(r, z) = J: C(r, z, t)q(t) dt +C(r, z, a)p,

a~r(r, z) = J: D(r, z, t)q(t) dt +D(r, z, a)p,

aez = a~B = ue = 0,

(3.16)
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in which

J = (l-a)(I~-I~d-zn/2,

A = 2I6-zI~ J/r,

C = zI~,

K = (l-2a)I8-zn,

B = 2an+J/r,

D = ( - n+ II I +z(l~ -I=- dJ/2,

(3.17)

I~(r,z,t) = -t fa''' e-~z(PJq«(r)JI(~t)d~,
and Jix) is Bessel's function of the first kind of order q;

case B:

where

-~[( l)pn +( _1)d P+ In +K; +( -1)aKD,

(1 - 2a) 0 0 z I 1
Ka = -~2~[( -1)aI z+KzJ- 2[( -l)aIz+KzJ,

(3.18)

(3.19)
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in which

Aa = (-1yn+Ki-=-[(-l)aI~+K~J-~{(2-6)[3K~+(-l)aI~J
2 2r

-u[( -lnI~+K~J -~[(-Inn +( _l)d ln +3Kj +Km,

Ba = u[( -l)ali +KiJ+ ~r {(2-u)[3K~+( -l)aI?J

-u[( -lnI~+ K~J -~[( _l)an +( _1)d 1n + 3Kj +K}J},

Ca = ~[( -ln~ +K~J,

Da = -t[Kj+(-IYnJ+~[(-ln~+K~+(-IYli+KiJ,

Ea = -t[Kj +( _l)d 1I}J +~[( -1)an +K~+( _l)d lIi -Ki],

(3.20)

(3.21)K~(r,z,t) = -t {<Xl e-~z~PJ3(~t)Jq(~r)d~.

Clearly from the form of (3.16) and (3.19) the functions J, K, A, B, C and D in (3.17) and
Jap , Ka, Aa, Ba, Ca, Da, Ea and Fa in (3.20) can be interpreted in terms of solutions for
concentrated ring loads applied to the surface of the half-space at r = t. This interpretation
is similar to that made for the membrane solutions (3.6) and (3.9).

4. INTEGRAL EQUATIONS FOR LOAD TRANSFER FUNCTIONS

The membrane and half-space solutions given in (3.5H3.9) and (3.16H3.2l) in terms
of the unknown loads, which arise on each member due to the mutual transfer of bond
forces, satisfy for the original problem the conditions (2.6), (2.7) and (2.9). The next step
is to derive integral equations governing the unknown load transfer functions by requiring
that the above auxiliary solutions satisfy the only remaining condition, namely con
tinuity of displacement in (2.8). We obtain in this manner from the displacement formulas
in (2.8), (3.5), (3.6), (3.8)-(3.12) and (3.16)-(3.21) the following equations:

case A: . {I fa J(r,z,a)} uo(l-u)
~t.~ 2/1 0 J(r, z, t)q(t) dt + 2/1 P + 2/1(l + u{

1 fa L(r, a)
= 2fi 0 L(r, t)q(t) dt+~P for 0 ;<S; r < a, (4.1)
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case B:
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lim{2
1 fa J~p(r,z,t)qp(t)dt+~J~p(r,z,a)pp}

Z~O 11 0 211

+(-1)a+ 1(JOr = _~ fa L (r t)q (t) dt + L~p(r, a)pp for 0 ~ r < a. (4.2)
211 2{i. 0 ~p, p 2{i.

It would be desirable at this point to interchange the limiting process z -. 0 with that
inherent in the integrals in (4.1) and (4.2). Normally this could be done formally and the
solution could be obtained subject to a posteriori verification. However, equations (4.1)
and (4.2) are somewhat unusual in that the quantities p and pyas well as q and qy are,
at present, unknown. That is, the question of whether or not the membrane and the half
space transmit forces to each other along the ring r = a must be settled from these equations.
But this question is related to the singular nature of the unknown functions q and qy and
the kernel functions in (4.1) and (4.2). Therefore it is necessary to make certain assumptions
about the functions q and qy and, then on the basis of these assumptions, to show that the
interchange of limits is permissible. Thus we assume the functions q(r) and qi') have the
form

£1(r)
q(r) = ~( )p'r a-r

'}' = 1,2,

(r) = £1i
r
) ( )

qy r~Y(a-r)PY' no sum

o~ Lt., {3,Lt. y,{3y < 1,
(4.3)

(4.4)

(4.5)

(4.6)

where £1(r) and £1ir) are uniformly Holder continuous on [0, a]. This assumption implies
that

q(r) = O(r-~) as r -.0, O[(a-r)-PJ as r-. a,

qy(r) = O(r-~Y) as r -.0, O[(a-r)-f!"J as r -> a,

and insures that q and qy are integrable on [0, a].
If use is now made of the identity (see Ref. [8])

fro e -~zJy(~t)Jy(~r) d~ = _(1)-,- Qy _J..(Z2 +;2 +t
2
) ,J0 1t rt 2 2 rt

where Qo(x) is Legendre's function of the second kind, as well as the identity (see Ref. [9J)

fro afro
o Jl(~a)J3(~b)e-~Zd~ = -4[; 0 J2(~a)J2(~b)e-~Zd~

rro 4- rro
+3 Jo Jl(~a)Jl(~b)e-~Zd~- bi. Jo Jl(~a)J2(~b)e-~Zd~,

then, from (4.3), (3.17), (3.18), (3.20) and (3.21) one can justify taking the limit z -. 0 inside
the integrals, and the integral equations (4.1) and (4.2) become

case A:

(4.7)
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where

case B:

2 tt (r2
+t

2
)J(r, 0, t) = -(1-0')- ±Qt -2- ,

'It r rt
(4.8)

where

O~r<a, (4.9)

5. INVESTIGATION OF KERNELS AND DETERMINATION
OF UNKNOWN EDGE LOADS

(4.10)

In order to determine the unknown edge transfer functions P and Pa appearing in the
integral equations (4.7) and (4.9), one must first study the singular nature of their kernels
given by (4.8), (4.10), (3.6) and (3.9). Clearly from (3.6) and (3.9) the parts ofthe kernels given
by L and LaP contribute only finite discontinuities. If x is defined by

(5.1)

then the singularities in the remaining parts of the kernels can be found by examining
their behavior as x -+ 00 (corresponding to r -+ °or t -+ 0) and as x -. 1 (corresponding
to t -+ r). From the results in [10, pp. 37, 153, 196] it follows that

I (X-I)Qv(x) = -lIn -2- -y-ljJ(v+I)+o(l) as x -+ 1,
(5.2)

where y is Euler's constant, and IjJ is the psi function, which satisfies the identity

n-l 1
ljJ(n+-!) = -y-21n2+2 L: ~-,

1=0 21+1
n = 1,2, .... (5.3)
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Therefore from (4.8) and (4.10),
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J(r, 0, t), J ~/3(r, 0, t) -> 0 as r -> 0 or t -> 0,

J~/3(r, 0, t) = {In It~rl_21n 2} {2- 0"[1 +( -1)0+ 1J} 15;/3

+(2-0")[23+(_1)0+/3]_140"15 (_1)0+1+ 0(1) ast->r, no sum.
n 15 3n ~/3

2(1-0")[ It-rl ]J(r,O,t) = In---21n2+2 +0(1)
n 2r

Let G(r, t) and G~k, t) be defined through

2(1-0") It-rl
G(r, t) = J(r, 0, t)---In --,

n t+r

as t -> r,

(5.4)

(5.5)

It - rl { ~ + 1 } 15~/3
G~/3(r,t) = J~/3(r,O,t)-ln-- 2-0"[1+(-1) ] -, no sum.

t+r n

Then from (5.4) and (5.5) G(r, t) and G~p(r, t) are bounded and continuous on 0 < r :::;; a,
o < t :::;; a and for any fixed direction of approach they have a well defined limit as
(r, t) -> (0,0). In particular

2(1- 0")
G(r, r) = --( -21n 2+2), G(O, t) = 0,

n

(5.6)
140" 0+1 _

--b~/3( -I) , G~/3(O, t) - 0, no sum.
3n

Using (5.5) in (4.7}-{4.10), recalling the properties of G, G~/3' L and L~/3 and of q and q~

given in (4.3) and (4.4), we obtain for

case A:

case B:

as r -> a,

as r -. a, no sum on tX.

(5.7)

(5.8)

These equations imply that

P'P/3 = 0, (5.9)
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(since a is restricted to the range -1 < a < !) and, hence no concentrated line-load
transfer between the membrane and the half-space occurs at the ring r = Q. The resulting
integral equations now appear as

case A:

ra

[2 (1- a) In It- rl +G(r, t)-~ L(r, t)]q(t) dt =
Jo n t+r ~

case B:

a0(1- a)
- r

(l+a) ,
o :-s; r :-s; Q, (5.10)

fa [ 2(1 - a) It - rI Jl]- In--J1P - G1p(r, t)+-;.L1P(r, t) qP(t) dt = aor,
o n t+r ~

(5.11 )

fa [- ~ In It-rl J2P - G2p(r, t)+~L2P(r, t)]qp(t) dt = -aor, O:-s; r:-S; Q.

o n t+r ~

These are Fredholm integral equations of the first kind with logarithmically singular
kernels.

6. EXACT SOLUTION-INEXTENSIBLE MEMBRANE

The integral equations (5.10) and (5.11) can be solved exactly, and the complete solu
tion in the half-space can be obtained for the limiting case of an inextensible membrane,
i.e. when {l ~ 00. In this limit the kernels are considerably simplified. At this point it is
convenient to return to equations (4.7H4.10) with p and Pp zero. Hence the integral equa
tions become

case A:

case B:
fa a 0(1- a)

o J(r, 0, t)q(t) dt = - (1 +a) r, (6.1 )

J: Jak, 0, t)qP(t) dt = (-l)aaor. (6.2)

Next assume (subject to later verification) for the inextensible membrane that ql and q2
in case B are not independent, but satisfy

(6.3)

Then the pair of integral equations in (6.2) reduce to a single equation, which is of the
same form as integral equation (6.1) for case A. Hence for both case A and B the relevant
integral equation is

where for

case A:

J: J(r, 0, t)f(t) dt = cr, (6.4)

case B:

f(t) = q(t),
a0(1- a)

c= - (1+a) ,

2a0(1 - a)
c = - .

(2 - a)

(6.5)
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By (4.5) and (4.8), equation (6.4) can be written as

J: if(t){f: Jl(et)Jl(~r)d~}dt = -2(1~~)' (6.6)

This integral equation can be inverted by use of equations (3.1), (3.2), (5.1) and (5.13), given
in Popov [11]. The use of these results with (6.5) and (6.6) leads to

case A:
2(Jor

q(r) = 10(1 +(J)(a2_r2)t'

case B: (6.7)

This result for case A is in agreementt with equation (39) of [3J, which considers by an
entirely different method an inextensible elliptical membrane bonded to an elastic half
space. The results in [3J can also be extended to produce agreement with those in (6.7)
for case B.

The displacement and stress fields in the half-space now follow from the use of (6.7)
in (3.16H3.21), and after an interchange of the order of integrals followed by the use of
[18, p. 688J

they appear as

case A:

u~(r,z) = fl(t::)n[ -2(1-(J)H6+;aHi ].

u~(r,z) = ---[(1-2(J)H8+:H?J,
fl(l +0')10 a

, 20'oa [ 2 0 2(1-0') I Z 0 Z IJ
O'rr(r,z) = -(1-) --HI + Ho+z H2--2 HI ,

10 +0' a r a ra

(6.8)

(6.9)

t The agreement follows after some obvious algebraic sign errors in equation (39) of [3] are corrected.
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case B:

, 2aoa cos 20[3 I Z 3 IJ
ur(r,O,z) = - /1n(2-a) aHo+(2-a)Ho+2a(HI +Hd ,

, 2aoa sin 20[3 I Z 3 I]
uk,O,z) = - /1n(2-a) aHo-(2-a)Ho+2a(H I -HI) ,

, 2aoa cos 20 [ z z zJuz(r,O,z) = - 2 ) (1-2a)Ho+-H I ,
/1n( -a a

, 4aoacos20[ 2 z 3a 3 (2-a) I z z Z 3 I J
arr(r,O,z) = - 2 ) -~HI--Ho+--Ho+-2Hz+-2(-3H 1 +Hd ,

n( -a a r r a ra

'( 0 ) __ 4aoacos20[_2a z 3a 3_(2-a~ I ~H3 __-=-HI]
aee r, ,z - (2) H I + H o H O + 2 I 2 I'n -a a r r ra ra

, 4aoz cos 20 z
azz(r,O,z) = (2 ) Hz,na -a

, 2aoa sin 20 [2 I z 3 I ]
aeir,O,z) = - n(2-a) ~HI - az(Hz +Hz) ,

, 2aoa cos 20 [ 2 I Z 3 I ]
azr(r,O,z) = - n(2-a) -~HI-az(Hz-Hz) ,

'( 0 ) = _ 4aoa sin 20 [!HZ _ 3a H3 _ (2-a)HI_~H3_---=-H 1]
are r, , z (2) I 0 0 2 I 2 I'n -a a r r ra ra

where

17

(6.10)

H':(r,z) = faro en-l(si~e_cose)Jm(e~) e-~zlade,z > O. (6.11)

The integrals in (6.9H6.11) have been evaluated exactly in terms of elementary functions
and are given in the Appendix.

The a posteriori verification of the solution given here easily follows provided due care
is given to the evaluation of the boundary conditions. Some of the integrals in (6.10) do
not converge when z = 0, but their asymptotic values as z --+ 0 are found to be such that
the solution takes the proper boundary values as z --+ O.

7. NUMERICAL SOLUTION OF THE INTEGRAL EQUATIONS
FOR ELASTIC MEMBRANES

When the membrane is elastic, the integral equations (5.10), (5.11) for the load transfer
functions must be solved numerically. For brevity we restrict our attention henceforth
to (5.10) only, i.e. to case A (isotropic stress at infinity), but the techniques used apply
equally well to (5.11).

Several techniques have been developed to overcome the difficulties arising in the
numerical treatment of equations of the first kind [13~16]. The method we employ [16J
replaces an integral equation of the typerK(x, y)f(y) dy = g(x), (7.1)
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by one of the type

af(x, a) +rK(x, y)f(y, a) dy = g(x), (7.2)

in which a is a parameter. This equation of the second kind can be successfully handled
numerically to give f(x, a) for various values of IX, and the desired solution is obtained in
the limit as IX ~ 0 (see [16J). Although this technique in theory produces the desired result,
the value of (I. =I- 0 needed to give a solution of (7.2) sufficiently close to the solution of (7.1)
is not known. Hence the practical application of this technique depends on the rapidity
of the convergence in (I..

Before proceeding to the numerical solution of(5.10) it is convenient to put the equation
in non-dimensional form and to define a new unknown function which is not singular.
Since the singular part of the kernel in (5.10) is the same as that in (6.6) for the inextensible
case, the singular nature of the solution of (5.10) is assumed to be the same as that in (6.7).
Thus, let

p = ria, ( = tla, f/ = Illfl, y hla, (7.3)

and define 4>(p) by

( )
_ 4>(p)ao

q r - (l-p)t' (7.4)

(7.5)

in which 4>(p) is assumed to be continuous for p in [0,1]. It should be noted that q(r) in
(7.4) is a special case of the form previously assumed in (4.3).

A final change of variables

• = (l ni-, t = (l-p)+, 4>(p) = <l>(t)

g(t,.; a) = G[(1-t2)a, (1-.2)aJ, I(t,.; 8) = yL[(1-,2)a, (1-.2)aJ

(7.6)(0 :s; , :s; 1).

removes the power singularity which arises in the integrand of (5.10) and yields in the
place of (5.10)

2(1-a) 1! [lt2
_.21 } 11

[ f/ JIn 2 2 (.) d. + g(t, .; a)-: I(t, .; 8) <1>(.) d.
1C 0 2-t -. 0 r

(1-a)(1-,2)

2(1 +a)

By use of standard techniques (see [19J) equation (7.6), with the additional term (I.<1>(t, (I.)
to put it in the form of (7.2), is replaced by a system of linear algebraic equations in which
the integrals are replaced by appropriate quadrature sums. The integral with the logarithmic
term is approximated by replacing <1>(., (I.) by a function that is piecewise linear in [0, 1J
(i.e. linear over each partition of [0,1]). Then the integration can be carried out analytically
over each partition. The second integral is approximated by a quadrature formula using
the trapezoidal rule. The resulting equation is then evaluated at each of the nodes of the
uniform range of integration.

The numerical solution for <1>(t) was obtained for various values of the material and
geometrical parameters f/, }', defined in (7.3), and the two Poissons ratios a,8. Since f/ and
y appear in (7.6) only through their ratio, f//'y, which is a measure of the effective stiffness
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of the half-space relative to the stiffness of the membrane, the three parameters, '1/Y, (j

and fi, are sufficient to reveal the effect of the materials and geometry on the load transfer
function.

Satisfactory convergence ofthe numerical computations was obtained by use offourteen
intervals in the quadrature formula for all values of the parameter a. The convergence
in a was such that suitable results were achieved with a 0·0001. With this number of
intervals and value of a, 4>(t, a) for '1 = 0 was in agreement to within 1 per cent of the exact
results given in Section 6 for the inextensible membrane.

It was found by taking advantage of the resultt 4>(1) = 0 that the numerical solution
of (7.6) was stable, i.e. the correct numerical solution was obtained from the above tech
nique with a = O. This stability of solution is evidently due to the presence of the mildly
singular kernel in (7.6). This result significantly reduced the amount of computation for
the elastic membrane solutions, since a sequence of solutions for various values of a was
averted.

The function 4J(P) defined in (7.4) is shown in Figs. 3-5 for various values of l1/Y, (j

and fi. Figure 3 shows the dependence of 4J(p) on l1/Y for fixed (j and fi. The curve for l1/Y = 0
agrees with the exact results in Section 6 for an inextensible membrane. Figure 4 shows the
dependence on (j for fixed l1/Y and fj and Fig. 5 shows the result when fj varies for fixed
'1/Y and (j.

WEAK
MEMBRANE

1·00·80·2 0·4 0·6
p=r!a

FIG. 3. Dependence of load transfer function on p for various Illy-isotropic loading.

0'08

0'

024

0·28

032

0'12

t One can verify from the half-space solution in [7] that when the boundary loading is on the circular region
R then non-zero shearing tractions at r = 0 are identified only with solutions that have a 8-dependence of cos 8
or sin 8.
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018 TJn=!J.o/[lh=IO

fT = 1/4

0'16

0'14

0'12

bO

'-...

~ 010 _

~ 0·08
0'

006

004

0'02

1·008
0~e=::::I::::::r::=L-.L-l.-.L.-l.-L-J

o 02 04 06
p= rio

FIG. 4. Dependence of load transfer function on p for various <J.

8. NUMERICAL COMPUTAnON OF STRESS

(8.1 )

In order to illustrate the disturbance of the stress field in the half-space, which results
from the attachment of the elastic membrane, we compute (j~r(r, z) in the half-space along
r = 0 as a function of z and along z = 0 as a function of r. Also arr(r) is computed for the
membrane. From (3.16) (with p = 0), (3.17) and (3.18)

(j~r(r, z) = J: A(r, z, t)q(t) dt.

By use of asymptotic analysis of A(r, z, t) at its singular points r, t -+ 0 and z = 0, t -+ r
in conjunction with the numerical solution for q(t) obtained in the previous section the
integral in (8.1) was evaluated numerically. The details of this analysis may be found
in [21]. A notable result is that (j~r at z = 0 has a finite limit as r -+ a from r < a and has a
half-power singularity as r -+ a from r > a. This same singular behavior can be observed
from the exact solution (6.9) for the inextensible membrane.

Figure 6(a) and 6(b) show the half-space radial stress (j~r/(jO for r = 0 as a function
of z Jor various choices of the parameters '1/y, (j and a. These figures indicate that the
maximum change from the uniform stress state occurs for '1/y -+ 0, a = i and (j = 0,
i.e. for a relatively stiff, thick, incompressible membrane on a half-space with zero Poissons
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0·16 TJa=J.LQ/flh=IO

cr = 1/3

0·/4

0·12

0·06

0·04

0·02

0~~±:::::r=....L-L-.L-L-L..L--J
o 0·2 0-4 0·6 0·8 1·0

p= ria

FIG. 5. Dependence of load transfer function on p for various 11.

ratio. The disturbance vanishes as '1/y -. 00. The effect on the radial stress is negligible
at depths greater than two or three membrane radii.

Figures 7(a) and 7(b) display the half-space radial stress for z = 0 as a function of r
for various '1/Y, (J and fJ. The effect on the radial stress is also negligible at distances more
remote than three or four radii from the center of the membrane.

0·2
bO
"-
N 0a
L

, L

b

cr =1/3 • fr =1/4

TJ/~=J.LQ/P.h

-1'0 L--_-,-L__...L-_-.l__..L__L-_-.J

o 1'5 2'0 2'5 3'0
Ua

FIG. 6(a). Dependence of half-space u;,/uoat r = 0 on z/a for various r,/y.
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005 r---,-------,----,.-----,,---,----,

-020

-0,25

-0'30

o 0·5

8- = 0, IT = 1/2

1·0 1·5 2·0 2·5 3·0
Z 10

FIG. 6(b). Dependence of half-space (1;,/(10 at r = 0 on z/a for various e, (1.

The radial stress err in the membrane was also evaluated numerically for 0 :s; r :s; a
from (3.5) with p = 0, (3.6), and the numerical solution for q(t). No special difficulties
arose in these calculations after (7.4) and (7.5) were used to remove the singularity in the
load transfer function from the integrand.

1·0

(]" = I/) , B- = 1/4

0'8 "?IK = jJ..lflh

0'6

0'4

0'2
bO

-.....
"0 ac:

"'bt
-0'2

-0'4

-0,6

-0'8

-1'0
a 3'0

FIG. 7(a). Dependence of half-space stress (1;,/(10 at z = 0 on r/a for various 'T/Y·
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0'8

0·6

0·4

0'2
bO
-....
(3 0
L o. '!:!

-~
-0'2

-04

-0'6

-0,8

1'0

1·2

1'4
0

FIG. 7(b), Dependence of half-space stress (J;,I(Jo at z = 0 on ria for various (J, if.

Figures 8(a) and 8(b) show the membrane stress O'rr as a function of r for various '1/y,
(J and 0'. Note that O'rr ~ 0 as r ~ a as required by the boundary conditions and the fact
that no concentrated load transfer occurs at the edge of the membrane (i.e. p = 0). For
relatively weak membranes ('1/Y ~ OC!) the change in arr with r occurs noticeably only
near r = a.

2·8

<T ~ 1/3 , c- = 1/4

'1/K' j.LQ/[lh

24

2,0

t -2

04

'lit 100

o 0t==0;r2;:==::;OCA==0;r'6==;0r::'8=~1'0
ria

FIG, 8(a). Dependence of membrane stress ft"l(Jo on ria for various "Iy.
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2·2 ,-------,----,-----,-----,------,------,

2·0

1·8

16

1·4

n!~=f-Lo!f1h=IO

12

0·8

0·6

0·4

0·2

FIG. 8(b). Dependence of membrane stress &"Iuo on ria for various &, u.

9. APPLICATION TO STRAIN MEASUREMENTS

As seen in the previous section the attachment of an elastic membrane to an elastic
body can significantly perturb the state of deformation in the vicinity of the membrane
provided the effective stiffness ratio is small enough. This result has implications with
regard to the accuracy of the measutement of strain in a relatively weak elastic body
by use of strain gages. In order to obtain an indication of the amount of error which may
result, the ratio, R" of the strain Brr averaged over one radial fiber of the membrane to the
uniform radial strain e;, in the half-space was calculated. That is, we compute

(9.1 )

From the strain-displacement relations with (3.5), (3.6) and (3.11), R, 10 (9.1) can be
written in dimensionless form as

R = (1-&)(1 +0')'1 e(2¢(() d(
, (1 +&)(1-O')y Jo (1-0+ .

(9.2)

By use of (7.5) and the numerical solution of (7.6) the integral in (9.2) can be evaluated
numerically. Figures 9(a), (b) show the dependence of R, on the three parameters '1/y, a, &.
Figure 9(a) shows how the "average membrane strain" approaches the far-field half-space
strain as '1/r increases for fixed a and &. In Fig. 9(b), '1/y is fixed and a and & vary. The
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0'2

FIG. 9(a). Dependence of the strain ratio R, on Ilh for various (J, e.

, _---:-.:::-c-.:::"-~-1- -_--
0'8

------
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ry; ~ = 100

------

0·6

----
0·2 --- ---

0·50·40'2 0·3
(J or ft

0·1
O'--_-.!-__--'-__L......_-.!-_-----'

o

~ = 1/3 • 0 ~ 0- ~ 1/2
<T = 1(4. 0 ~ <T ,; 1/2

FIG. 9(b). Dependence of the strain ratio R, on (J (or e) for various illY = Ilalph, with e = *(or (J = t).

variation of R, is slight when Yf/y is fixed, but R, depends strongly on YfIY in a range that
depends on (J and fi. Clearly R, is nearest to unity when Yf/y is as large as possible and when
(J = i and fi = 0. For example if YfIY = 100, (J = Jand fi = 0, the value of R, is 0·980.

10. DISCUSSION AND CONCLUSIONS

In the formulation of the problem treated here, the possibility of concentrated line
load transfer between the membrane and the half-space was admitted as is evident by the
appearance of P, Pr and Po in (3.5), (3.8), (3.16) and (3.19). These functions were found to
be zero by a systematic analysis of the integral equations governing the load transfer
function.

The load transfer functions were found to have square root singularities at the edge
of the membrane for both an inextensible and an elastic membrane.
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The integral equation determining the load transfer function, which is a Fredholm
equation of the first kind with a logarithmic singularity, was handled successfully by a
direct numerical technique, after the known singularity in the load transfer function was
removed. This equation was also solved exactly for the inextensible membrane.

The load transfer function as well as the stress fields in the membrane and half-space
were found to be functions of the three parameters e, (J and /la/{th. The variation from the
far-field uniform stress in the vicinity of the attached membrane as well as the stress in
the membrane was found to increase with increasing e and decreasing (J and /la/fih. This
variation in the half-space is negligible at points more distant than three or four membrane
radii from the center of the membrane.

The "average membrane strain" approximates the far-field half-space strain roughly
to within 5-15 per cent, depending on (J, e, for effective stiffness ratios /la/{th greater than
about 50.

Acknowledgement-The research which led to the results presented here was partially supported by a grant
from the National Science Foundation.
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APPENDIX

From Ref. [20] and additional calculations there follows for z 1= 0

o z - I [p sin 0+ Rt sin q>/2 J Rt· /2H°= - - tan + sm q> ,
a P cos 0+ Rt cos q>/2

Ho -1 [p sin O+R! sin q>/2J R-! /2
I = tan t - cos q> ,

Pcos O+R cos q>/2

Hg = R-t sin q>/2- pR-t cos(3q>/2-0),

H I 1 z/a Rt · /2 ria -1 [psinO+Rt sin q>/2J IIi /2°=~- smq> +-tan ---R"cosq>
2 ria 2 Pcos 0+ R1- cos q>/2 2 ria '

Ht = _/1 {pR -! cos(O - q>/2)- Rt sin q>/2},
ra

Hi = !!..R -+ sin(O - q>/2) _!.:. R -t cos 3q>/2,
ria a

2 {Rt }H'f, = (r/a)2 3 sin 3q>/2-pR+cos(O+q>/2) ,

1 { z.}Hi = -(r/a)2 Rtcosq>/2-~R!smq>/2 +R-!cosq>/2,

H~ = (r/~)2{PR-tcOS(O-q>/2)-Rtsinq>/2}-Hg,

2 {PRt 1Hg = (r/a)3 -3- sin(O+3q>/2)-p2R+ cos(20 +q>/2)S '

where

3 4 2 1H2 =-H I -H2,
ria

z
- tan 0 = 1,
a

and for z = 0

p
2

= 1+(~r, R
2

= [(~r +(~r -IT +4(~r

[(~r+(~r-IJ tanq> = 2~,

Hg = H(I- r/a)[l- (r/a)2]t,

H? = H(I-r/a)~+H(r/a-l){[(r/af~I]!+sin I (~)),

HA HO-r/a)"!.!.:.+H(r/a-l)!{!.:.sin- 1 (~) __l [(r/a)2- 1]!},
4 a 2 a r ria
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1 ria
HI = H(l-r/a)[l_(r/afJP

H2 = H(l- I )~_ {[1-(r/a)2 J1
o ria (r/a)2 3

2 1
HI = H(r/a -1) (r/a)2[(r/a)2 -1J!-'

H~ = H(r/a-l)(r~)3[(r/af-lJt

(Received 1 April 1971 ; revised 24 May 1971)

A6cTpsKT-)lacTcli pcweHilc 3anaql1 ncpcna'll1 ynpyroCTaTl1'1ccKOii Harpy',KI1 B KpyrJlOH ynpyroH

MCM6paHc, cB1l3aHHoll Ha rpaHl1l..\C C nOJlynpocTpaHCTBOM, 113 pa1HoponHoro MaTCpl1aJla. nOJlynpoc

TpaHCTBO HarpylKcHHOC, B.L\aJlI1 OT MCM6paHbl, COCTOllHMCM nJlOCKOrO HanplllKCHI111, napaJIJlCJlbHblM

K cro rpaHI1I..\C.

3a.L\aqa CBOnl1TCli K CI1CTCMC I1HTCrpaJlbHblX ypaBHcHI1H !jJpcyrOJlbMa ncpBoro pOlla C JlOrapl1!jJMI1'1

CCKI1MI1 CI1HrYJlllpHOCTllMI1 B lIupax, )].Jlll HCI11BeCTHbiX CI1J1 Ha rpaHl1l..\C MClK)].y MeM6paHOH 11 nOJlyn

pOCTpaCTBOM. JtlHTcrpaJlbHble ypaBHcHMll pewalOTClI TO'lHO. nOJlyqaeTCli peWCHl1e '1a)].a'll1 B !jJOPMC

3JleMeHTapHbiX !jJYHKI..\I1M .L\JllI OrpaHl1qCHHOrO cJlY'lall IIcpaCTlIlKMMaeMOH MCM6paHbi. PewalOTCli

I1HTerpaJlbHblC ypaBHcHI111 )].Jll1 ynpyroH MCM6paHbi HcnocpC)].CTBCfIHO nyTeM ql1CJICIIHblX MCTO.L\OB.

nOJIyqaeTClI B03MymeHI1e O.L\HopO)].Horo noml HanplllKeHI1H )].nll npl1COCnl1HCHHOH MeM6paHbl, npl1

HeKOTopblX KOM611HaUI1aX napaMcTpOB MaTCpHaJm 11 rcoMCTpMH.

OnpCUCJlllCTClI HCKoTopoe OTHOWCHHC nc!jJopMaUHH MeM6paHbi 11 110JlynpocTpallCTBa, KOTOPOC

YKa3blBaCT TOqHOCTb H3MepCHHH nc!jJopMaUI1H, nOJlyqeHHblX 11'1 3KCnCpl1MeHTaJlbHOrO aHaJll13a Ha

nplllKeHI1H, nyTeM I1CnOJlb30BaHI111 npHcoe)].I1HCHHBbIX )].aT'lI1KoB. 3TH pe3YJlbTaTbi yKa'lbiBaIOT, 'ITO

"ycpenHeHHall )].e!jJopMaUI111" B MCM6paHe 6JlH1Ka K nOJlIO )].C!jJOPMCUIlI1 B nOJlynpocTpaHCTBe TOJlbKO

Tor)].a, Korna jia/ph >100, ll)e (t, h, a~'llBnllIOTClI MO)].YJleM. TOHlIllHiOH 11 pa)].HycoM MCM6paHbi a

ji-MonyJlCM C)].Bllra nonynpocTpaHCTBa.


